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1 Getting Started

1.1 Introduction

Industrial Optimization for Mathematica® is a pack that allows you to solve a great range of optimization
problems. It provides you with innovative solution techniques for optimization. Linear and nonlinear
optimization problems as well as queueing systems can be solved quickly and intuitively.

1.2 Installation

The following sections are intended to help the user get the Industrial Optimization Pack and the
examples installed and loaded into a Mathematica session.

1.2.1 Installing thefiles

Industrial Optimization is a Mathematica Pack which you can load after starting Mathematica just like
any standard package that is delivered with Mathematica.

1
2)
3)

4)

5)
6)

Close al Mathematica notebooks.
Insert the floppy disk and open the Notebook ‘Install.nb’. (for Windows look at Figure 1.2-1).
At thefirst cell of the notebook you have to insert the prefix of your floppy drive location.
For example at Windows95/NT:
diskprefix="a or at Unix diskprefix="/mnt/floppy” .

Then press the Install-Button. The files will then be copied into the Mathematica-File-Structure on
your hard disk (look at Figure 1.2-2).

Insert the second floppy disk and press “Install Disk 2”.
After successful installation, press the OK button.

Important for Unix: You need writing permission for the Directory “AddOns/Applications” of the
M athematica-Root-Directory.
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Figure1.2-1
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Pleaze close all open Mathematica notebooks!

Please insett the correct prefiz of your floppy disk location.
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Utz diskprefizz = “mount/Hoppy"

diskprefix="a:";

Install

Figure1.2-2
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1.2.2 Loading Industrial Optimization and using the Examples

The Examples can be used via the Mathematica-Help-System. But first, you have to Rebuild the Help-
Index:

Open the Help-Menu of Mathematica and choose ‘Rebuild Help-Index’. After that you can see the
examples in the Help-Browser under “AddOns” , chapter ”Linear Optimization”.

The Industrial Optimization Pack has three parts: Linear Optimization, Nonlinear Optimization and
Queueing Systems. Y ou can load each part separately.

Linear Optimization
Needs[ ™I ndustrial Opti m zati on Li near” %]

Nonlinear Optimization
Needs[ ™I ndustri al Opti nmi zati on” Nonl i near ™ %]

Queueing Systems
Needs[ “I ndustrial Opti m zati on” Queues™ %]

Alternatively you can load the whole package by
Needs[ “I ndustri al Opti m zation™ “]

The necessary parts of the package will then be loaded on demand.






2 Linear Optimization

2.1 Fundamentals of Linear Optimization

With linear optimization you can evaluate the maximum or minimum of a linear function. Additionally
there can be restrictions for the variables like equations or inegquations. This is caled a linear problem
(LP). Linear problems appear in many different fields like banking, education, forestry, storekeeping...

Most of the time the function to be optimized (objective function of) represents the costs of something
and depends on many variables.

A linear problem looks like:
Maximize of =a;X; +8,X, + 83Xz +A +a, X,
subject to therestrictions:
Upqg Xq + Upp Xo + Uz Xg +A + Up, X, < by
Upq X + Ugp Xy + Ugg Xg +A + Uy, Xp < b,
M
Vi Xq + Vo Xy + Vi Xg +A + VX2 ¢
Vo1 Xq + Vop Xo + Vg Xg +A + Vo, X > Cy
M
Wyq Xq + Wip Xo + Wyg Xg +A + Wy, X, = 0y
Woq Xg + Why Xy + Woz Xg +A + Wy, X =y
M
and x, >0;(1=123K,n)

If we have alot of variables and constraints it is useful to write the LP in matrix form:

Maximize of =&’ X
subject to the constraints:
W w
Uskb; V&E wx=d; x>0
whereU, V and W arematrizesof uj;, v, W ,
o0 p
anda, b, Rand d are vectorsof a,b,c,d,.

(i=123K,n j=123K)

This package can deal with both: LP's with constraints as explicit inequations and LP's in matrix-form.
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The most common method used to solve an LP is the simplex algorithm. For the use of sensitivity
analysis and special functions in this package it is important to understand how the simplex algorithm
works.

Therefore follows a short description of the simplex algorithm.

Before the algorithm can start, the L P has to be changed into standard-form. The standard form of an LP
is:

Maximize of =&' &
subject totherestrictions:

K< B; WQ:(‘!D; QZO;

U
whereK =( J;
-V

The simplex algorithm works with a system of linear equations, so therefore the inequations of the LP
have to be converted into equations. For each inequation of the LP we introduce a new variable 5 called
dack variable (i is the index of the inequation):

Theinequation

Viq Xq + Vo Xo + Vg Xg +A +Vy, X < ¢

can asobewritten as

Vyq Xq + Vo Xo + Vg Xg +A +Vy, X, + S =€

s, 20,

where s may have any positive rea value
Thisleads to the new constraints of the LP:

Q(g -

1 00A
K S 010A
whereQ = ;. withS= (wehaveonesack variable per inequation),
W 0 001A
MMMO
s,
£ S, | isthevector of slack variablesand F:(c% istheright hand sideof the equations
M

The simplex algorithm starts at a feasible solution. This means that all constraints are fulfilled by the
solution. A solution is completely defined by its basis. The constraints are a system of linear equations
with n+m variables (m = number of inequations, here the variables are x; and s) and n+m-+l equations (I =
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number of equations). Hence, you can set the values of | variables to 0. The other variables are called
basis and are used to solve the system of linear equations. If al variables are nonnegative the solution is
caled a basic feasible solution (bfs) and represents an extreme point of the LP's feasible region. The
simplex moves from one bfs to the next better bfs and so on, finally reaching the optimal value of the
function.
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2.2 Linear Optimization with Continuous Variables

In this chapter al variables are continuous and noninteger.

2.2.1 Optimization

With the functions described in this section you can solve LP's given in different forms. The functions
can find multiple solutions if they exist and give the basis of the optimum, which you can use for further
optimization or sensitivity analysis.

S Thefunction for the calculation of the maximum of alinear function in matrix formis:

LinearOptimizeMax [OF, {{R, r}, {E, €}}, X]

LinearOptimizeMax| OF, {R, r}, x}]

LinearOptimizeMax| OF, {{R, r}, {E, €}}]

LinearOptimizeMax| OF, {R, r}]

The function yields the maximum of the LP:
Maximize z= OFX

subject to theconstraints
RQSP;EQ=g;QZO;

With default optionsit returns

{ optimum value, { optimal variable values}}.

If the option Solutions->Multiple is set, the function returns a list of all
possible optimal variable values/ tableaus (only corner points):

{optimum value, {vall, va2, ..}}
respectively {tabl, tab2, ...}

If the option Tableau->True is set, the function returns the simplex
tableau of the optimal solution. The simplex-tableau looks like (see also

2.2.3.1):

X, X, A 8 s, A z rhs
X, 05 1 0 085 0 156
X5 04 0 0 055 0 17
M
z 15 0 0 24 1 5456

The x; are the variables, s are the slack variables, z is the value of the
objective function and rhsis the right-hand side of the constraints.
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Function for the calculation of the maximum of a linear function in matrix form.

The first column of the tableau specifies the basic variables for each
equation. The numbers in the tableau specify the coefficients of each
variable in the equation.

The last line of the tableau is the objective function. The optimal values
of the basic variables are the values of the right-hand side (last column).
The value of the optimum is at the bottom of this column.

If the option Basis->True is set, the optimal values and the numbers of

the basic variables of the optimum are put together in alist:
{optimum value, {val, basis}}

respectively { optimum value, {{val, basisl}, {val2, basis?}, ...}}
or {tableau, basis}

respectively {{tableaul, basisl}, {tableau2, basis2}, ...}
basisisalist, which specifies the positions of the basic variables.

Parameter Name

Kind

Unit

OF

list of numerical
values

coefficients of the abjective function

R matrix of matrix of the coefficients of the
numerical values inequations RX <

r list of numerical right-hand side of the inequations RX < f
values

E matrix of matrix of the coefficients of the equations
numerical values EX_8

e list of numerical right-hand side of the equations EX =&
values

X list of symbols variables of the linear problem (will be

printed in the tableau)

Parameters of the function for the calculation of the maximum of a linear function.

Option Name

Value

Basis

False (default)

the function yields not the positions of basic variables
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True the function yields the optimal variable values
together with alist of the positions of the basic
variables
Solutions One (default) |thefunction yields only one solution even if there are
more solutions
Multiple the function tries to find the all possible optimal
solutions
Tableau False (default) | the function yields only the optimum and the optimal
variable values
True the function yields the simplex tableau of the
optimum
Tolerance Automatic the tolerance for internal comparisonsis 1076 for
(default) approximate numbers
numerical the tolerance for internal comparisonsis set to the
value numerical value

Options of the function for the cal culation of the maximum of a linear function.

=

The function for the calculation of the minimum of alinear function in matrix formis:

LinearOptimizeMin [OF, {{R, r}, {E, €}}, X]

LinearOptimizeMin [OF, {R, r}, x}]

LinearOptimizeMin[OF, {{R, r}, {E, €}}]

Linear OptimizeMin[OF, {R, r}]

The function yields the minimum of the LP:

Maximizez = OF X

subject to the constraints
RQSP;EQZ@;QZO;

With default optionsit returns

{ optimum value, { optimal variable values}}.
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If the option Solutions->Multiple is set, the function returns alist of al
possible optimal variable values / tableaus (only corner points):
{optimum value, {vall, va2, ...}}

respectively {tab1, tab2, ...}

If the option Tableau->True is set, the function returns the simplex
tableau of the optimal solution. The simplex-tableau looks like (see also
2.2.3.1):

X X, A 8 s, A z rhs

x, 05 1 0 085 0 156
xs 04 0 0 055 0 17
M

z 15 0 0 24 1 5456

The x; are the variables, s are the dack variables, z is the value of the
objective function and rhsis the right-hand side of the constraints.

The first column of the tableau specifies the basic variables for each
equation. The numbers in the tableau specify the coefficients of each
variable in the equation.

The last line of the tableau is the objective function. The optimal values
of the basic variables are the values of the right-hand side (last column).
The value of the optimum is at the bottom of this column.

Note: the tableau represents the LP in standard form as described above
(look at page 14).

If the option Basis->True is set, the optimal values and the numbers of
the basic variables of the optimum are put together in alist.

{optimum value, {val, basis}}
respectively { optimum value, {{val, basisl}, {val2, basis?}, ...}}
or {tableau, basis}

respectively {{tableaul, basisl}, {tableau2, basis2}, ...}
basisisalist, which specifies the positions of the basic variables.

Function for the calculation of the minimum of a linear function in matrix form.

Parameter Name  Kind Unit

values

OF list of numerical coefficients of the objective function
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R matrix of matrix of the coefficients of the
numerical values inequations RX > f

r list of numerical right-hand side of the inequations
values RK>F

E matrix of matrix of the coefficients of the equations
numerical values EX_K

e list of numerical right-hand side of the equations EK=¢&
values

X list of symbols variables of the linear problem (will be

printed in the tableau)

Parameters of the function for the calculation of the minimum of a linear function.

Option Name Value
Basis False (default) | the function yields not the positions of basic variables
True the function yields the optimal variable values
together with alist of the positions of the basic
variables
Solutions One (default) |thefunction yields only one solution even if there are
more solutions
Multiple the function triesto find all possible optimal
solutions
Tableau False (default) | the function yields only the optimum and the optimal
variable values
True the function yields the simplex tableau of the
optimum
Tolerance Automatic the tolerance for internal comparisonsis 1076 for
(default) approximate numbers
numerical the tolerance for internal comparisonsis set to the
value numerical value

Options of the function for the cal culation of the minimum of a linear function.
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S The function for the calculation of the maximum of a linear function with explicit inequations and
equationsis:

Linear Constr OptimizeMax [ of, {constraints}]

The function yields the maximum of of, which must be alinear
function. The constraints are linear equations and inequations

With default optionsit returns
{ optimum value, { optimal variable values}}
The variable values are of the form x;->value.

If the option Solutions->Multiple is set, the function returns alist of all
possible optimal variable values / tableaus (only corner points):

{optimum value, {vall, va2, ...}}
respectively {tab1, tab2, ...}

If the option Tableau->True is set, the function returns the simplex
tableau of the optimal solution. The simplex-tableau looks like like (see

as02.2.3.1):

X X, A 8 s, A z rhs
X, 05 1 0 085 0 156
xs 04 O 0 055 0 17
M
z 15 0 0 24 1 5456

The x; are the variables, s are the dack variables, z is the value of the
objective function and rhsis the right-hand side of the constraints.

The first column of the tableau specifies the basic variables for each
equation. The numbers in the tableau specify the coefficients of each
variable in the equation.

The last line of the tableau is the objective function. The optimal values
of the basic variables are the values of the right-hand side (last
column). The value of the optimum is at the bottom of this column.
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Note: the tableau represents the LP in standard form as described
above (look at page 14).

If the option Basis->True is set, the optimal values and the numbers of
the basic variables of the optimum are put together in alist.

{optimum value, {val, basis}}
respectively { optimum value, {{vall, basisl}, {va2, basis?}, ...}}
or {tableau, basis}

respectively {{tableaul, basisl}, {tableau2, basis?}, ...}
basisisalist with the basic variables. Slackvariables are named di].

Function for the calculation of the maximum of a linear function with explicit inequations and equations

and inequations

Parameter Name  Kind Unit
of linear function objective function
{ constraints} linear equations congtraints of the LP.

Parameters of the function for the cal culation of the maximum of a linear function with explicit inequations and

equations
Option Name Value
Basis False (default) | the function yields not the positions of basic variables
True the function yields the optimal variable values
together with alist of the positions of the basic
variables
Solutions One (default) |thefunction yields only one solution even if there are
more solutions
Multiple the function tries to find all possible optimal
solutions
Tableau False (default) | the function yields only the optimum and the optimal
variable values
True the function yields the simplex tableau of the
optimum
Tolerance Automatic the tolerance for internal comparisonsis 10~ for
(default) approximate numbers







